Unit Analysis

How many cubic centimeters are in a million pounds of water?
Do “weighty” problems like this make your head spin? If so, the solution is unit analysis. Unit analysis is all about analyzing dimensions like pounds, centimeters, light year, and so on.
Example 1: Here’s a simple problem solved using dimensional analysis: If you’re going 500 feet per minute on the freeway, how many miles per hour is that?
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Notice how identical units cancelled in the second line. That’s the key to unit analysis.

We’ll explore unit analysis with three observations:

Observation 1. Anything divided by itself is equal to one
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These fractions are all equal to one. Try these:


 LISTNUM  NumberDefault \l 1   
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Observation 2. Multiplying something by one doesn’t change its value
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 LISTNUM  NumberDefault \l 1   
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Note: 1.61 kilometers = 1 mile

Observation 3. Units cancel just like numbers


[image: image10.wmf]3

2

3

3

2

3

2

2

18

12

=

×

×

×

×

=


Cross out the factors that cancel and write the reduced answer

 LISTNUM  NumberDefault \l 1   
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This cancelling works with units too:
Example 1: Convert 3 miles per hour to kilometers per hour


1.61 kilometers = 1 mile

“Per” means divide, so 3 miles per hour is really 
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. Because the conversion factor is equal to one, this multiplication doesn’t change the original speed of 3 miles per hour.
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3 miles per hour is the same as 4.83 kilometers per hour.

Notice that we had to put 1 mile in the denominator so it would cancel the miles that were already in the numerator and also because we needed to put kilometers in the numerator.
Try these:
 LISTNUM  NumberDefault \l 1   Sharon spent twelve dollars on five kilograms of oranges. How many dollars per pounds is that? One pound = 0.453 kilograms.
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 LISTNUM  NumberDefault \l 1   Convert 1.5 liters per flush to gallons per flush. One gallon = 3.79 liters.
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 LISTNUM  NumberDefault \l 1   The Bugatti Veyron, the world’s faster production car, can go 367 feet per second. How many miles per second is this. One mile = 5200 feet.

All the examples so far have involved rates (gallons per flush, dollars per pound, etc.). We can also use units to investigate area and volume.
Get out a sheet of graph paper that has five grids to the inch. How many grid squares are in one square inch?
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You can think of this unit conversion as a size transformation of magnitude 5, with 1 in2 as the pre-image and 25 grid2 as the image.

 LISTNUM  NumberDefault \l 1   In one corner of the graph paper, pencil in a square one inch (five boxes) on each side and write the number “25” inside it to show it contains 25 little boxes.
 LISTNUM  NumberDefault \l 1   Leave some space and pencil in a square two inches on each side and also pencil in the four one-inch boxes inside it. Write 25 in each of the four boxes. How many grid squares are in the 2 inch  by 2 inch box?
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 LISTNUM  NumberDefault \l 1   How many square inches are in 5 square feet?
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Example 

Example 2: Suppose I can jog 3 miles in 22 minutes. How fast am I running in miles per hour?
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Example 3: How many centimeters are there in 0.5 miles?
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How do you know what fractions to multiply by? In example 2, we wanted to go from miles per minute to miles per hour, so we needed to change minutes to hours. To make that change we multiplied by a fraction that had minutes (the units we started with) and hours (the units we wanted to finish with). Minutes needed to be in the numerator in order to cancel minutes in the denominator.

Try this example by filling in the blanks: If I can run the 100 yard dash in 12 seconds, how fast am I running in miles per hour? (Use the facts that 60 seconds = 1 minute, 60 minutes = 1 hour, and 1760 yards = 1 mile)
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Don’t forget to cancel units that appear in the numerator and in the denominator.

Show steps as you calculate the following:

1) If you drive a mile in 72 seconds, how fast are you driving in miles per hour?








2) If you jog 2 miles in 9 minutes and 20 seconds, how fast are you running in miles per hour? Hint: First convert time to one unit of measure.





3) If you swim 100 yards in 1 minute 10 seconds, how fast are you going in miles per hour?






4) I can drive my Honda Fit 330 miles on 1 tank of gas. If it takes 10.8 gallons to fill the tank, how many miles per gallon did I get?







5) If a Toyota uses 1 gallon to travel 24 miles and we want to drive it to Walla Walla (400 miles), how many gallons will it take?






6) If the speed of light is 300,000 kilometers per second, how many miles per hour is that? There are 0.621 miles in one kilometer.





7) How many seconds are there in a year?

Challenge problem: Gulliver, a 300 foot tall giant, can drink 5 hogsheads of soda per fortnight. At that rate, how many minutes does it take for him to drink a 12 ounce soda?

A hogshead is a unit of volume equal to about 240 liters. A fortnight is a unit of time equal to two weeks. There are 3.785 liters in 1 gallon, 4 quarts in one gallon, and 32 ounces in one quart.

Do this problem on a separate sheet of paper (you’ll need it!) You’re converting from fortnights per hogshead to minutes per can.


8) APPENDIX: Why does dimensional analysis work?
1. Anything divided by itself is equal to one
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These fractions are all equal to one.

2. Any quantity multiplied by one is equal to its original value
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Note: 1.61 kilometers = 1 mile

If we multiply 3 miles per hour by 1.61 kilometers per mile the actual speed doesn’t change because we’re multiplying by one:
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3. Units cancel just like numbers
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3 miles per hour is the same as 4.83 kilometers per hour.

This is a complex problem, but dimensional analysis makes it manageable.

A hogshead is a unit of volume equal to about 240 liters. A fortnight is a unit of time equal to two weeks. Our target unit of volume is a soda can and our target unit of time is minutes. So we need to convert liters to soda cans and fortnights to minutes. Let’s start with the fortnights:
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Notice that fortnights, days, and hours each appear both in the numerator and in the denominator so they cancel, leaving just hogsheads and minutes.

Now let’s convert hogsheads to 12 ounce soda cans:
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Notice that hogsheads, liters, gallons, quarts, and ounces appear both in the numerator and in the denominator so they cancel, leaving just cans and minutes.

So Gulliver can drink 0.168 cans in one minute. How many minutes does it take him to drink one can? Just take the reciprocal:
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Gulliver averages one 12 ounce soda can about every six minutes.
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